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ABSTRACT
We study the connection between topological properties of subsets of a
given Banach space and their images under linear, continuous one-to-one
mappings on the one hand and the existence in a given Banach space
of either a boundedly complete basic sequence (BCBS) or an isomorphic
copy of ¢, (co-subspace) on the other hand. We present criteria for the
existence of a BCBS. They are deduced from new characterisations of G-
embeddings which we also present. We obtain a necessary and sufficient
condition for separability of a dual Banach space in terms of saturation by
BCBS. Criteria for the existence in a Banach space of a co-subspace are
also presented. We describe the class of separable Banach spaces which

contains either a BCBS or a c,-subspace.

Introduction

The series of striking counterexamples that were constructed recently by Gowers
and Maurey [11] and Gowers [12] completely dispersed all hopes of a simple linear-
topological structure of infinite-dimensional Banach spaces. The most delicate
conjecture:

Every infinite-dimensional Banach space contains either a boundedly complete
basic sequence (BCBS) or a subspace isomorphic to the space ¢, (c,-subspace)

has been disproved also.
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The main purpose of this paper is to describe the class K of separable Banach
spaces that contains either a BCBS or a c,-subspace. It turned out that the
separable Banach space E belonging to the class K is equivalent to the existence of
an injection T: E — X (by injection we mean a linear continuous one-to-one map
into some Banach space X with unbounded inverse T~!) with special properties.
We will be interested in properties of the injections T that are connected with
Borelian type of images T A (of some subsets A C E) both in the whole space X
and in the image TE. Let us note that topological properties of the set T A in
the image TE coincide with those of the set A in the X-topology on the space E
(by X-topology on the space E we mean the topology that is generated by sets
T~1(G) where G is an open subset of the space X; for example, an X-ball in the
space E is the set T~}(B) where B is some ball in the space X). To distinguish
the X-topology and the original norm-topology on the space E, we will denote
the latter by E-topology.

The above-mentioned characterization of the class K is contained in the fol-

lowing theorem.

THEOREM 7: Let E be a separable Banach space. Then the following assertions
are equivalent:

()Eek. -

(2) There exist an injection T: E — X (into some Banach space X ) and a non-
empty bounded open subset A C E such that either the image T A is of the type
Gso in the space X or the image T A is of the type Gs in the image TE.

(3) There exist an injection T: E — Y (into some Banach space Y ) and a non-
empty bounded open subset B C E such that either the image T B is of the type
F, in the space Y or the image T(cB) is of the type F, in the image TE.

We will examine this theorem by two approaches. The treatment from the
BCBS is contained in part 1. The main tool here will be the notion of a
Gs-embedding that was introduced and studied by Bourgain and Rosenthal
[1]. We recall that an injection T: E — X of the Banach space E into the
Banach space X is a Gs-embedding iff the image T A of every closed, bounded
and separable subset A C E is a Gg-set in the space X. Important properties
of Gs-embeddings were obtained by Ghoussoub and Maurey [9,10]. The papers
of Edgar and Wheeler (2] and Rosenthal [18] discuss closely related topics. We

will use some ideas from these papers as well as from previous papers of the.
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author [4-7].

The main results of part 1 are Theorem 1, which gives the characterization of
Gs-embeddings, and Theorem 2, which gives the most general criterion for the
existence of BCBS in a given Banach space (in terms of injections).

The approach to Theorem 7 from a ¢,-subspace is contained in part 2. We
will use here a notion of a set of super-first category that was introduced by
the author in his paper [8]. The main result of part 2 is Theorem 5, which
characterizes Banach spaces that contain a ¢,-subspace.

The short part 3 combines results of parts 1 and 2.

We will assume that all Banach spaces considered are real and infinite
dimensional {unless specified otherwise). We use standard Banach space theory
notations as can be found in [16], to which we refer the reader for unexplained
terminology. By U(E) (S(E)) we denote the unit ball (unit sphere) of the linear
normed space E. Inpart 1, T: E —» X v denotes an injection into the Banach
space X.

1. Injections and BCBS

Let e: ¥ — R, be a map from the set ¥ of all ordered finite subsets of the unit
sphere S(E) into the set of positive numbers R,. We will say that the map e is a
T-regulator of boundedly complete basic sequences (briefly: T-RBCBS) iff every
sequence z, C S(E) possessing the following property:

(%) For every n=1,2,..., |[Tony1ll < e({x:}})

is BCBS.

It is obvious that every X-null sequence {z,} C S(E) (i.e. a null-sequence in
the X-topology) has a subsequence possessing the property (x). So existence of
T-RBCBS implies: every X-null seqﬁence from a unit sphere has a subsequence
which is BCBS.

We will use the following

PROPOSITION 1: [17] Let E be a separable Banach space. The following asser-
tions are equivalent:

(1) T*X* is a norming linear manifold.

(2) T~ belongs to the first Baire class.

(3) X —cl U(E) is a bounded subset of the space E.
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Remark 1: If T*X* is 1-norming then the unit ball U(E) is X-closed.
The following theorem is the main result of this part.

THEOREM 1: Let T: E — X be an injection of the separable Banach space E
into the Banach space X such that T~! is a map of the first Baire class. The
following assertions are equivalent:

(1) There exists the bounded subset D C E such that its image T D is a Gs-set
in X and E — cl D contains some E-ball.

(2) There exists a T-RBCBS.

(3) The map T is a Gs-embedding.

Proof: Since T-! is a map of the first Baire class the linear manifold T*X*
is norming. Without loss of generality we can assume that T*X* is 1-norming
(and therefore (Remark 1) the unit ball U(F) is X-closed) and ||T|| < 1.

(1) = (2). Let G = TD = ;" G,, where each set G, is an open subset of
the space X. Without loss of generality we can assume that E —cl D 3 2U(E)
and 0 € D. Denoting D, = T~!(G,) we have D = (\]° D,,. Since T"! is a
map of the first Baire class, there exists a sequence {g,} of continuous mappings
gn: TE — E such that, for all x € F, lim g,(Tz) = z. Put

w(g,z,8) = sup{a: ||z — y|| < @ = |lg(z) — g(x)|| < 6}.

Let {6,} be a sequence of positive numbers such that

i&n <1/8, ﬁ(l +6,)/(1-26,) < 2.
1 1

We begin the construction of the map e with n = 1. Let 2, € S(E); then there
exists an element Z; possessing the properties:
(@) lley = 21| < b1
(b) There exists a §;-net {¢t}Z;}., in the segment [~Z1,%;] which is contained
in the set Dy, i.e.
(t}2,} ¢ [-71, 5] N Dy

(recall that the open set D is dense in the set 2U(E)). Put

d(z1) = dx ({Ttlz.}4,0Gy).
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It is evident that there exists a number r(z) such that, for alli =1,2,...,1;
and m > r(z;),
llgm (T (t;Z1)) - t;Z1]| < 61.

Denote

t(zy) = min{w(gr(xl),t}il,él): i=1,2,....,01}.

Since the linear manifold 7*X* is 1-norming, there exists a linear functional
hi € X* such that [|[T*hy|| = 1 and (T*h1)(z1) > (1 — 61). Finally, put

e({z1}) = min {d(z1), (1)} S| A I TIN".

Now we will define the map € on two-element subsets {z;,z2} C S(E). Since
the open set Dy is dense in the ball 2U(E) there exists a vector Zo possessing
the properties:

(2) [lz2 = Z2l| < e({z1}).
(b) There exists a 8y-net {¢2Z,}%2 in the segment [—Z3, %] which is contained in
the set D, and the set

Alzy,z0) = {121+ 222 € U(E): 1< i < 11,1 < j < by}
is also contained in D,. Put
d(.’l!l,xg) = dx(TA(.’L‘l,.’L‘Q),aGg).

Let r(z1, z2) be such a number that for all m > r(z1,z2) and for all z € A(z1, x2),
llgm(Tz) — z|| < 62. Denote

t(z1, z2) = min {w(gr(z, ,5), T, 62): T € Az, T2)}.

Since the linear manifold 7* X * is 1-norming, there exists a finite subset {h;}7*2 C
X* such that {T*h;}{** C S(E*) and the set

{(T* hl) I [z1,x2) }Tlr12

is a 62-net in the ball U([z1,xz2]*). We denote by [z, y] the linear span of x and
y. Finally, put

e({z1,22}) = lfsr}ci&{d({xi}'f)yt({xé}'f)}ég(SHTHmax {Ihll:i=1,...,ma})""
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Continuing in such a way we construct the map e: ¥ — R,. Now let the sequence
{:} € S(E) satisfy ||Tyn+41| < e({y:}7) for all n = 1,2,.... We have to prove
that {y;} is a BCBS. At first we will check that {y;} is a basic sequence. Here
we act standardly:

|| Zaiyi” < (1-6,)"'max {|T*hi (Z az'yi) |1 1<:< mn}
1 1
n+1
=(1- 6n)‘1max{|T*hi (Z aiyi) = T*hi(ans1Yns1)]: 1 < i < mn}

n+1
<(1- 6n)_1(max {HT*hiHH Zaiyinz 1<i< mn}
1

+ Jant1lmax{|hi(Tyn1)|: 1 < i <my}y,

but
n+1 n
Jansr < [ 2 aswil] + [ D asvi
1 1
and
|hi(TYn41)| < ”hi””TynH” < by.
Therefore

n n+1 n+1
1S el < (1 - 8) (u S anl+5 (n S ol 4 za,y,“))

and we have finally

n41

||Zaly,”< 1+ 6,)(1 — 26,) 1||Za,y1||

Using the inequality

o0

[J(1+68.)1-26,)"" <2

1

we get that {y;} is a basic sequence with basis constant less than 2. By the
Krein~Milman-Rutman stability theorem (recall that £5°6,, < 1/8) it is easily
verified that {7} (§: has the same sense with respect to y; as Z; has with respect
to x;) is a basic sequence which is equivalent to {y;}. Direct verification shows
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that the basis constant of {g;} is less than 5. So it will be enough to check that
{:} is a BCBS. We begin with the weaker property. Namely, let

1) sup{”Zt Bll:n=1,2,. }<1/10.

Let us check that the series thk 7 converges. We have
TGkl < T (we — Gl + 1Tl < (L + ITDe({p}™h) < 285

and from (1) we get Itfk| <1,k=1,2,.... So the series Xt;, Ty converges. Put
o = St¥ T. Let us show that for all n = 1,2,..., z, € G,. We have

| Zt T|| < Z 175l < A+1TI Y ey }s™)
n+1 n+1 n+1
<2 Sad{ydi) < 2d({w30) D 6 < d{mi}i)/4
n+1 1

Since S7tf §ix € U(E), and by the definition of d({:}7), we get that z, € G,
n=12.... Soz, € Gn C TE and therefore lim g,(z,) exists. Denoting
T, = r({y:}7) we have:

“gr,.(xo Zt yk”

- - (Zt Tyk> . (zt Tyk) o (zt Tyk) >l
< |lgrn (Zt Tyk+2t1kTyk> Gra (Zt Tyk> I

n+1
+ |9 (Zt Tyk) AN
1 1
But

I Zt T < Z 1Tl < 22}({%

n+1 n+1 n+1

< 2t({yi}?)z5k <1/4w (yr , Y tE T, 6 )

1
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and therefore

(lgr. () = 3 & ]| < 26n.
1

Now it is easily seen that the series thf,c Y, converges. Finally let
sup{||IZTpxdx]l: n = 1,2,...} < 1/20. Then sup |px] < 1/2 and hence, for each
integer k, there exists a number tfk such that |p — t¥ | < 6. Thus

sup || ) Jthgk| < 1/4
1
and, as proved above, the series Etf,c 7% (and hence also Xpijx) converges. This
completes the proof of implication (1) = (2).

(2) = (3). Tt is evident that for every sequence {z;} C S(E) the series
Ye({z;}}) converges. To prove (2) = (3) assume the contrary, i.e. T is not
Gs-embedding. Then from [9] there exist a number § > 0 and a sequence {y;} C
U(FE) such that ||y; — y;|| > 6,7 # j, but the sequence {Ty;} is dense in itself.
Put 1 = y1, €, = x1/||z1]| and choose an element y,, such that

ITy1 — Tyn, || < be({eo})-
Put 23 = Yn,, €11 = (1 — 2)/||21 — 22|]. Then
2) ITz1 — Tzo|| < be({eo}),  NTenl < e({eq}).

Using density of the sequence {Ty;} in itself again we choose an element y,,, such
that |72y — Tyn, || < de({eo, €11}). Put 23 = y,,, and ey = (z1 — z3)/||21 — z3]|.
Then

(3) ”T.’El - T.'ZI3” < 66({60,611}), ||T621” < 6({60,611}).

Let y,, be such an element that ||[Tz2 — Ty, || < 6e({es,€11,€21}). Denoting

T4 = Yn,, €22 = (T2 — T4)/||T2 — T4)| We obtain

(4) \Txo — Txall < Se({eo,€11,€21}), I Te22ll < e({eo, €11, €21}).

The sequence {e,,e;;} will be constructed in this way. By condition (2) of the
theorem, {e,,e;;} is BCBS. Let {z;} be the sequence {e,,e;;} that is numerated



Vol. 89, 1995 BOUNDEDLY COMPLETE BASIC SEQUENCES 181

by one index and put Y = [2]3°. We shall show that T'|y is a Gs-embedding.

Let us introduce the new norm

ol =sup || Y ail, v=3 ez
1

in Y which is equivalent to the original one. Denote by V = {y € Y: |||y||| < 1}
the unit ball in the new norm. We will show that the image TV is closed in the
space X. Put

um:Zaznzi eV, m=12,..., limTu,, =v.

Without loss of generality we can assume that for all ¢ = 1,2,... there exists
lima™ = a;. It is evident that sup||X}a;z|| < 1. Since {z;} is a BCBS series
Ya;z; converges to some element u. Hence u = X¥a;z; € V. Fix € and choose a
number n such that £, e({z:} ') < €/16. There exists a number m such that,
foralli =1,...,n, |[a™ — a;| < ¢/(4n|T||). We have:

||Tum—Tu||§||Z(a —a; Tz,“+“2 —a;) Tz1|<e
1 n+1

Hence limT'u,, = Tu,u € V,v = Tu and therefore v € TV. Thus Ty is a
semi-embedding and, since Y is separable, T is a Gs-embedding. But the image
{Tx;} of §-separated sequence {z;} C U(Y) (remember that{z;} C {y:}) is dense
in itself (see (2), (3), (4)). This is impossible [9]. So implication (2} = (3) is
proved.

Implication (3) = (1) is evident. The proof of the theorem is completed. |

Remark 2: If an injection T: E — X of a separable Banach space E into a
Banach space X is a Gs-embedding, then T—! belongs to the first Baire class
(see [1, 6]).

Remark 3: We do not use the separability of the space £ in the proof of
implication (1) = (2).

The following theorem gives the most general (in terms of injections)
criterion for the existence of BCBS in a given separable Banach space without
the assumption that 7! belongs to the first Baire class.
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THEOREM 2: Let T: E — X be an injection of a separable Banach space E into
a Banach space X. If there exists a bounded subset D C E which is dense in
some ball of the space E and whose image T D is a Gs-set in the space X, then
E > BCBS.

Proof: If the inverse mapping 7! belongs to the first Baire class, then by
Theorem 1, E D BCBS. Suppose that 7~! does not belong to the first Baire
class. Hence, by Proposition 1, the set X — clU(E) is unbounded. Denote
V =clTU(FE) and, by Z, the Banach space linV with the set V as the unit ball.
Let Ty: E — Z, Ty: Z — X be natural embeddings. Since the set X — clU(FE)
is unbounded, it follows that T3 is not an isomorphic embedding. We will show
that the inverse mapping T; ! belongs to the first Baire class, or equivalently (by
Proposition 1): Z—clU(FE) is bounded in the space E. Without loss of generality
we may assume that E — clD D U(F). By the conditions of the theorem, there
exists a sequence {G,} of open subsets of the space X such that TD = [ G,.
Denote D, = T~Y(G,) and let y, € Z — clU(E),y = 1/2y,. It is evident that
y belongs to the algebraic interior of the set Z — clU(F). Hence there exists a
number v > 0 such that y + YU(E) C Z — clU(E). We will consider two cases.
(1) For every 6 € (0,v),Dn(y+8U(E)) # 0.

Then y € E — cl D and therefore

sup{||vo|l: ¥o € Z ~ clU(E)} < 2sup{||#||: 2 € E — c1 D}.

(2) There exists § € (0,7), DN (y+ sU(FE)) =0.

Then by D = (| Dy we have (y + 6U(E)) C |JeDg. By the Baire category
theorem, there exist a number m and an E-ball W C y + §U{E) such that
¢D,, O W. Since the set c¢D,, is X-closed, we obtain

(5) X ~clW C ¢Dpy,.
On the other hand,
Wcy+U(E)CZ-clU[E)CZ—-clD

hence (X —clW)N D # 0 (the set X —clW is a Z-ball in the space E and
therefore it is a Z-neighborhood for every point from the algebraic interior of the
set W). We have obtained the contradiction to (5).
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Thus the set Z — clU(FE) is bounded and, by Proposition 1, inverse map-
ping T ! belongs to the first Baire class. But TyD = T, 1(G,) and every set
Ty 1(G,) is open in the space Z. So by Theorem 1 (applied to the injection
Ty: E — Z), E D> BCBS. The proof is completed. [ |

The following corollary is a consequence of Theorem 2 and the Baire category
theorem.

COROLLARY 1: Let T: E — X be an injection of a separable Banach space E
into a Banach space X such that the image TU(E) of the unit ball U(E) of the
space E is a Gg,-set in the space X. Then E D BCBS.

Remark 4:  The restriction on the Borel type of the image TU(E) cannot be
weakened (if we want to say anything about the space E) because for every
injection T: E — X with the inverse from the first Baire class, for any separable
Banach space E, the image TU(E) is an Fys-set in X [7].

Now we pass to the characterization of separability of the dual space £* in
terms of the saturation by BCBS.

Let W: ¥ — B be a map of the set of all ordered finite subsets of the unit
sphere S(E*) into the set B of all w*-neighborhoods of zero in the unit ball
U(E*). We will say that the map W is a w*-regulator of boundedly complete
basic sequences (briefly: w*-RBCBS) if and only if every sequence {f,} C S(E*)
possessing the property:

(%) Forall n=1,2,..., foq1 € W({fi}71)

is BCBS.

It is obvious that every w*-null sequence {f,} C S(E*) has a subsequence
possessing the property (x*). Let us note that according to the well-known
result of Johnson and Rosenthal [13] every w*-null sequence from the unit sphere
of a separable dual space has a BCB subsequence. Thus the following theorem
strengthens the result of Johnson and Rosenthal bringing it to a necessary and
sufficient condition.

THEOREM 3: Let E be a separable Banach space. The following assertions are
equivalent:
(1) The dual space E* is separable.
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(2) There exists a w*-RBCBS.

Proof: (1) = (2). Let A: l; — E be some compact operator from the separable
Hilbert space Il into the space E with dense range. Denote T = A*: E* —
Io. Then T is a semi-embedding (the image of the unit ball is closed) and, by
separability of the space E*, it follows that T is a Gs-embedding [1]. Now
assertion (2) follows from Theorem 1 ( (3) = (2) ) since w*-topology on the unit
ball U(E*) coincides with the [>-topology.

(2) = (1). Let T be the operator introduced above. With the help of Theorem 1
((2) = (3)) it is easily verified that T is a Gs-embedding (recall that the notion
of Gs-embedding is separable defined). We will prove that every w*-compact
subset K C U(E*) is w*-huskable (i.e. for every € > 0 and every w*-open subset
D possessing the property DN K # 0 there exists a w*-open subset D; C D such
that D;NK # 0 and diam(D1NK) < €). Let {f;} be a countable w*-dense subset
of the set K (the space F is separable) and D be an w*-open subset of the space
E* such that DN K # 0. Denote Ky = ||.|| —cl{fi}$° and K3 = ||.]| —cl (K1 N D).
So K3 is a non-empty (by w*-density of the set K in the set K and by KND # §)
separable bounded closed subset as well as K. Since T is a Gs-embedding there
exists [9] a point of continuity of the map T~ !|rk,. Hence by compactness of
the operator T there exists a point ¢ € K3 and w*-open neighborhood D; of g
such that D; N K3 # § and diam(D; N K3) < €. As the set K7 N D is dense in
the set K, there exists an element g; € (K3 N D) N D;. Denoting Dy = DN Dy
we get Do N Ky # 0. Since Ky N Dy = (K1ND)N Dy C K3 and Dy C D, then
KN Dy C K3ND; and by diam(K2 N D;) < € we have diam(K1ND3) < e. It is
clear that diam(w* — cl(Kj N D3)) < € also. But w* — ¢l (K10 D3) D (K N Dy)
by w*-density of the set K N Dy. Thus, diam(K N D) < €. So we have proved
that every w*-compact subset of the dual space E* is w*-huskable. By the result
of Kenderov [14] the space E* possesses the RN-property. But the space E is
separable, therefore by a result of Stegall [19] the space E* is separable too. The
proof is completed. ]

2. Injections and c,-subspaces

Let T: E — X be an injection of a Banach space E into a topological vector
space X. We will say [8] that a subset C C E is of the super-first category if and
only if it can be covered by a countable union of X-closed and E-nowhere dense
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sets. We will use the following theorem [8].

THEOREM 4: Let a Banach space E allow an injection T: E — X in some
Hausdorff topological vector space X such that there exists a closed bounded
solid (i.e. with non-empty interior) subset A C E with the boundary 8A of
super-first category. Then E D c¢,. Conversely, if a separable Banach space
E contains a c,-subspace, then there exist an injection T: E — X (into some
Banach space X ) even with T~ from the first Baire class and an equivalent norm
[|Il|]| on the space E such that the unit sphere S(E, |||.|||) (i.e. the boundary of
the unit ball) is of super-first category.

The following theorem is based on Theorem 4.

THEOREM 5: Let T: E — X be an injection of a Banach space E into a
Hausdorff topological vector space X. Let there exist a non-empty open bounded
subset G C FE and a subset C C G (possibly empty) of the super-first category
such that the set G~ C is a Gs-set in the X-topology in the closure E — clG.
Then E > c,.

Proof:  Denote A = E —clG. By the conditions of the theorem, G~ C =[G,
where each subset G, C A is X-open in A. Hence AN(GNC) = (ANG)UC =
UV,,, where each subset V,, C A is X-closed in A. Since G is an open subset of
the space E, it follows that 04 = A\ G and therefore A C |J V;,. It is clear that
each subset V,, is X-closed in the set A and nowhere dense (V, is norm-closed
and V,, C AU C). To complete the proof it remains to apply Theorem 4. |

Remark 4: If E is separable and U(F) is closed in the X-topology then the
condition: “(G \C) is a Gs-set in X-topology in the set E — clG” is equivalent
to the following one: “(G \ C) is a Gs-set in X-topology in the whole space E”.

Before stating the corollary we introduce some notation. For subsets B and C
of a Banach space E we will denote by

6(B,C) = sup{d(z,C): z € B}

the deviation of the set B from the set C.

COROLLARY 2: Let T: E — X be an injection of a Banach space E into a
Hausdorff topological vector space X. Suppose that there exists a closed bounded
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subset A C E possessing the property: 8A C V., ANUV, # 0 where each
subset V,, is an X -closed subset of the set A and lim §(V,,,0A4) = 0. Then E D c,.

Proof:  Denote G = AN JV,,. It is clear that the subset G C A is a Gs-set in X-
topology on A. We will show that G is an open subset of the space E. Let x € G.
It is evident that x € (intA) (intA is the interior of the set A in E-topology) and
therefore there exists a number r > 0 such that z + 2rU(E) C (intA). Since
for every y + rU(E),d(y,0A) > r and limé(V,,,0A) = 0, it follows that there
exists an integer m such that for every n > m, V;, N (z + rU(E)) = 0. Denoting
§ = min {1/2d(x,V,,),1/2r: 1 < n < m} we get z + §U(E) C G. Application of
Theorem 5 (C = @) completes the proof. |

In connection with Theorem 5 it is interesting to consider the class A4 of all
separable Banach spaces possessing the property: E € A if and only if there
exists an open bounded subset G C E which is a G-set in the space E in the
weak topology.

PROPOSITION 2: A separable Banach space E belongs to the class A if and
only if there exists an open bounded subset G C E which is a Gs-set in the set
I]l = ¢l G in w-topology.

Proof:  The proof follows from the observation: E “(]|.|| —¢l G) is an open subset
of the separable Banach space F and hence it can be covered by a countable union
of closed (both in norm and weak topologies) balls. ]

Since the property £ € A is a hereditary one for subspaces of the space E, the
‘next corollary follows from Theorem 5 (C = 0).

COROLLARY 3: FEach Banach space from the class A contains an isomorphic
copy of the space c, hereditarily.

Let us note that the class A is polar (but not opposite) to the class of Polish
spaces [2, 18].

Remember that a Banach space is called polyhedral [15] if and only if the unit
ball of every finite-dimensional subspace is a polyhedron.

PROPOSITION 3: Every separable polyhedral Banach space belongs to the
class A.

Proof:  According to [3] a separable polyhedral Banach space E possesses a
countable boundary, i.e. there exists a sequence {f;} C S(E*) of linear function-
als such that, for every x € E, there exists functional f; for which f;(z) = ||z||.
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Let G = (intU(F)); then G = n{z € E: fi(z) < 1} and therefore G is a Gs-set
in the space E in the w-topology. ]

We conclude this section by the following

Problem: Is the property E € A inherited by quotient spaces of the space E?
What about polyhedral space E?

3. Resume

Theorem 7 is a consequence of the results of previous sections (Theorem 2,
Theorem 4, Theorem 5 (C' = #)) and the following result of the author [5].

THEOREM 6: Let a separable Banach space E contain a BCBS. Then there
exists a non-isomorphic semi-embedding T: E — X into some Banach space X .

THEOREM 7: Let E be a separable Banach space . Then the following assertions
are equivalent:

(1) EeK

(2) There exist an injection T: E — X (into some Banach space X) and a
non-empty bounded open subset A C E such that either the image T A is of the
type G, In the space X or the image T A is of the type Gg in the image TE.
(3) There exist an injection T: E — Y (into some Banach space Y ) and a non-
empty bounded open subset B C E such that either the image T'B is of the type
F, in the space Y or the image T(cB) is of the type F, in the image TE.
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helpful suggestions.
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